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Abstract
Let K be the attractor of the following iterated function system(IFS):
{fi(z) =Xz, fo(x)=Az+1—-A}, O<A<1/2
Given « > 0, we say the line y = ax is visible through K x K if
{(z,az) :x e R\{0}} N (K, x K)) =0.
Let V. = {a > 0 : y = ax is visible through K, x Ky}. In this paper, we give a complete

description of V, containing its Hausdorff dimension and topological properties.

Keywords: Visible Part; Cantor Sets; Hausdorff Dimension.

1. INTRODUCTION is indeed the projection problem™2: sections of some

Projections, sections, geodesic curves and visibility ~ fractal sets are connected to the multiple represen-

are related to many aspects of fractal geometry. For  tations of real numbers® geodesic curves on frac-
instance, the arithmetic sum of two self-similar sets  tal sets are distinct from the classical differential
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manifolds ¥ For more results on these problems, we
refer to Refs. [BHS.

The concept of “visibility” was investigated by
many scholars. Nikodym constructed a subset F' of
R? such that every point of F' is visible from two
diametrically opposite directions? In convex geom-
etry, Krasnosel offered a beautiful criterion which
enables us to check whether the entire boundary of a
compact set of R? is visible from an interior point
Falconer and Fraser proved that for a class of plane
self-similar sets when the attractor F' has Hausdorff
dimension greater than 1 the Hausdorff dimension
of the visible subset is 1™ The visible problem is
also related to the arithmetic on the fractals ™ The
readers can find more related results in Refs. [I3HI6L
Given o > 0 and some subset F' C R?, we say the
line y = ax is visible through F' if

{(z,az) : 2 e R\{0}} N F = 0.

The middle-third Cantor set is one of the old-
est mathematical examples of fractals, which was
constructed by George Cantor in 188317 As the
best example of a perfect nowhere-dense set in the
real line, the middle-third Cantor set has already
been studied by many scholars, see Refs. 18] [19] for
instance and references therein. There are also some
results on the variations and higher-dimensional
extending of the classical middle-third Cantor set.
Zou et al. considered the self-similar structure on
the intersection of the middle-(1 — 2X) Cantor set
with A € (1/3,1/2)29 Deng et al. characterized the
shape of an optimal set of Cartesian product of the
middle-third Cantor set2! In this paper, we shall
consider the visibility of the Cartesian products of
the middle-(1 — 2X) Cantor set with A € (0,1/2).

Let us first recall that a map ¢ : RY — RV
is termed a contracting similarity if there exists a
number 7 with 0 < r < 1 such that |p(z) — ¢(y)| =
rlz —y| for all z,y € RY. Let {;}7™, be an iter-
ated function system (IFS) consisting of finite con-
tracting similarities. It is well known that there
exists a unique nonempty compact set F' such that
F = U~ ¢i(F). We call F the self-similar set or
attractor for the TFS {¢; }7, 18 We say that the IFS
satisfies the open set condition if there exists a non-
empty open set O such that [J"; ¢;(0) C O with
the union disjoint. In this paper, we shall analyze
the following Cantor set.

Let K, be the attractor for the IFS

{fil) =Xz, folx) = Az +1 -2}, 0<A<1/2

Ky = fi(K)) U fa( Ky). (1)

Observe that K, can be obtained from the closed
interval [0, 1] by removing a fixed proportion of each
subinterval in each of the iterative steps. In other
words, K is a middle-(1 — 2)) Cantor set.2?

Let

V ={a >0:y = ax is visible through K) x K)}.

It is easy to verify that the line y = au is visible
through K x K if and only if

K)\ {.’B
a ¢ ——= = —:x,yEKA,y#O}.
PR T
Thus,
Ky
V=1[0,4+00) \ —. 2
VAT 2
By A°,m(A) and dimg(A) we denote the set of
interior points, the Lebesgue measure and the Haus-

dorff dimension of A, respectively. Now, we state
our results.

Theorem 1.1. Let Ky be given by ([l). Then

(1) When 355 <x< 1, v =0.
(2) When & <X <355

= 1
= A=A, —— .
V = (0, +OO)\kL—Joo [ 1o J
(3) When 0 < A < %, Ve #£ 0. In particular, when
LA <1, ([0,400)\V)° # 0; when 0 < XA < %,

nlz([g, +00)\V) = 0 and dimg([0,+00)\V) =
7?§g)\'

The paper is arranged as follows. In Sec. Bl we
give the proof of Theorem [Tl Finally, we give some
remarks.

2. PROOFS OF MAIN RESULTS

First, we introduce some notations. Let E =
[0,1]. For any (i1,...,i,) € {1,2}", we call
firin([0,1]) = (fiy o -+ 0 fi,,)([0,1]) a basic inter-
val of rank n, which has length A". Denote by F,
the collection of all these basic intervals of rank
n. Suppose A and B are the left and right end-
points of some basic intervals in E}, for some k& > 1,
respectively. Denote by G, the union of all the
basic intervals of rank n which are contained in
[A, B]. Let I be a basic interval with rank n. Define

I'=fi(I)U fa(I).
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The following lemma comes from Refs. 23 and 24],
here we give its proof just for the integrity of the
content.

Let F : U — R be a continuous
function, where U C R? is a nonempty open set.
Suppose A and B are the left and right endpoints
of some basic intervals in Gy, for some ko > 1,
respectively, such that [A, B] x [A,B] C U. Then
Kx N [A,B] = NaZy, Gn. Moreover, if for any
n > ko and any two basic intervals I1,J C Gy,

F(I7 J) :F(j:; j)’
where F(I,J) :={F(x,y):x € 1,y € J}, then
F(K)\ N [A, B],K)\ N [A, B]) = F(GkO,GkO).

Lemma 2.1.

Proof. By the construction of G,, i.e. G+1 C Gy,
for any n > ko, it follows that

K\N[A,B] = ﬂ G,.
n=ko

The continuity of F yields that

F(K\N[A,B],KyN[A,B]) = ﬁ F(G,Gr).

n=ko
Without loss of generality, we may assume that

Gn = Ui<i<t,In,i for some t, > 1,

where I, ; is a basic interval in G),. By the condi-
tion in lemma, i.e. for any n > kg and any two basic
intervals I, J C G, such that

F(I,J) =F(I,J),
it follows that
F(Gn,Gr) = Ui<i<t, Ui<j<t, F(Ini, In ;)

= Ur<i<t, Ui<j<t, F(Ini; Inj)

)

= F(Ur<i<t, Ini, Ur<j<t, In.j)
= F(Gnt1,Gnr1)-

Therefore, F'(Ky N [A,B], Ky N [A,B]) = F(Gy,,
Gko)' O

Lemma 2.2. Let f(z,y) = §, and I = [a,a +
t],J = [b,b+t] be two basic intervals. If 1/3 <

AN<1/2, andb>a>1—\, then f(I,J) = f(I,J).
Proof. Note that
I=[a,a+ M U[a+t—\,a+1],

J=[bb+ M UMb+t — b+ 1.

Visibility of Cartesian Products of Cantor Sets

Therefore,
f(I,J)=J1U Jy U Js U Jy,
where
[ a a+ Mt
J1= _b+t’b+t—)\t] =t sl
[ a a4+ M
J2 - _b+)\t’ b :| —- [T2552]7
J__a+t—>\t a+t g, 53]
3__ b-f-t ’b-f-t—)\t —- [1"3,°3]y
(la+t— Xt a+t
J4_ I b+)\t B b :| - [T4a34]'

Note that f(I,J) = [ri,s4]. In the following, we
verify that f([, J) =J1UJyUJ3U Jy.
Sinceb>a>1-—Xand A > %,Wehave
a+t— M\t _a
b+t b+ At
(1= AN)(b—a+t))
b+t (b)) T
Now, it suffices to check that

r3s —Tro =

s1—19>0, sy—r3>0 and

We have

s3— 14 > 0.

a4+ At a
b+t—A b+ A
t(2a\ — a + bA + tA\?)

(b+t— M)+ At)

- tla(3X — 1) +tA?)
“h+t— )b+ N) —

S1 —T9 =

and

a4+ M a+t—M

b b+t

t(a+ (22 — 1)b+ t\)
b(b+ t)

t1 =X+ (2X = )b+ tN)

= b(b+ 1)

S — T3 =

> 0.

Finally,
a+t a+t— Mt
b+t— X b+ A
t(—a —t 4 2aX + bA + 3tA — tA?)
- (b+t—At)(b+ At)
If b # a, then b > a + t. Therefore, we have
—a —t+2a\+ b\ + 3t\ — tA\?
> —a+2a\+ (a+ A+ (3N -1 - \?)
> a3\ — 1)+ 4\ -1 —\?) >0,

§3 — T4 =
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which leads to s3 — r4 > 0. However, if a = b, then

52 — T4
_at X att-=M NP 4a(BA-1)
o a+ Mt a(a + At) -
Thus, we finish checking that f(I,J) = J; U Jo U
J3U Jy = [r1,s4] = [bLH,aTH] O
Lemma 2.3. We have
(10, 00),
— 1
when3 2\/5§>\<§,
Ky
K\{0}
MOy U AP [1— < | U {0}
k=—00
when l <A< — \/5
3 2

Proof. From Lemmas 2.1l and 2.2 it follows that

if x> 1
LKy [, 1
fa(Ky) [1 o= /\]'

FEach x € K can be uniquely represented as

T = Zxr)\” with z, € {0,1 — A}

n=1

Note that € fo(K)) if and only if 1 = 1 — A
Thus, each x € K)\{0} is of form

z=\"z" xt e fz(K)\).

Thus, for any two =z = \"z*,y = \"y* € K)\{0}
with 2*, y* € fa(K)) one has

with m € {0,1,2,...},

x T* 1
— =\ e N -\, ——|.
y v o [ ’1—-A]

Thus,

K ={0}u C}Akl—k—i—

Ky\{0} T

It is easy to check that (J7— . )\k[l — A, ﬁ] U

{0} = [0,400) when 3_2‘/5 < A < 1, and intervals

\E [1 — A, ﬁ] are pairwise disjoint when % <AL

356
S

k=—o00

O

For K, and K, with 1621 ¢ @, i.e. there exist

log A2
mg,ng € Z such that igg—i; = TZ—% and (mg,ng) =

1, Pourbarat proved the following result (Ref. 25|
Corollary 10).

Ky

Theorem 2.4. If 2 7, then TEWY ()}
2

1- 2)\1 1-2X\2

contains an interior point, where y := >\1

Lemma 2.5.
intertor point.

If A > i, then ﬁ contains an

Proof. If A > }l, then (=W 2)\)
Ky

IZeN {0} contains an interior point by Theorem IE_D

> A. Therefore,

Lemma 2.6. [f0< A< 3*2‘/5, then V' has an inte-
70T POINt.

Proof. Note that fo(K)) C [1 — A, 1]. Thus, by the
argument in Lemma 23] we have

Lo oo
o] {O}LJkLtioA {1 A,l__A}.

Note that the intervals [A*(1—X), & )\] for k € Z are

pairwise disjoint when 0 < \ < 3= f . Therefore, V'
has an interior point by (2)). O

We recall that H! denotes the one-dimensional
Hausdorff measure. A Borel set A is a l-set if
0 < H'(A) < oo. Simon and Solomyak showed that
if A is a self-similar 1-set in the plane satisfying the
open set condition and not contained in a line, then
it has radial projection of zero length from every
point28 Fixing the point at the origin, we obtain
the following result.

Theorem 2.7. Let A be a self-similar 1-set in R?
with the open set condition, which is not on a line.
Then

m(P,0)(A{(0,0)})) =0,

where

P, : R?\(0,0) — S, Py (x) = =

K14

Lemma 2.8. K10 has Lebesgue measure zero.

Proof. Note that when A = 1/4, A = K x K is
a self-similar set with the following IFS

i@y = (5.4):

r+3 y
gZ(xay): 4 aZ )

2050119-4



o) — (243 yE3
T = —_—
gs\r,y 4 ) 4 )
(2,7) z y+3
,y)=|—-,>=—— .
g4,y 47 4

Clearly, the above IFS satisfies the open set condi-
tion. Therefore, the Hausdorff dimension of A is 1,
and 0 < HY(A) < co. Let

(z,9)

I={—F—==¢5":(z,y) € Kx x K\{(0,0)}
1’2 + yQ
= P(0,0)(A\{(0,0)}).
The Lebesgue measure of I' is 0 due to Theorem

277 Let
(z,y)

b= {7/Ty
(Cﬂ,y) € K) x K)\\{(0,0)},SC 75 O}

e st

Clearly, m(I'y) = m(I') = 0. The metric on I'y,
denoted by di, is the arc metric. It is well known
that on S!, the arc metric is equivalent to the
Euclidean metric. Let

Iy = {arctan% d(xyy) € Ky x K)\{(0,0)},z # 0}.

The metric on I'y is the Euclidean metric (we denote
it by d2). We define the the map

¢: T — Ty,
by

x?
10} & — arctan 2.
Va2 + y? z
The map ¢ is indeed mapping a point on S! into
its associated polar angle in the polar coordinate

system. Therefore, we may define ¢ in another way
as follows:

¢:T1 —T2, ¢(a)=0a.

Clearly, ¢ is well-defined, and it is a bijection. More-
over, we shall prove that ¢ is a Lipschitz map, i.e.
there exists some constant L > 0 such that

dy(p(a), (b)) < Ldi(a, b).
Note that da(¢(a), p(b)) = da(0a,0p), and that
di(a,b) =da(0a- 1,0y - 1) = da(0a, Op).

Now, m(T's) = 0 follows from ¢(I'1) =g, m(I'y) =
K14 —0

0, and ¢ is Lipschitz. Therefore, m (m

Visibility of Cartesian Products of Cantor Sets

The following is proved in Ref. [27, Theorem 2.7].

Theorem 2.9. Let A be an arbitrary self-similar
set in R? not contained in any line. Suppose that
g:R? =R is a C? map such that

(92) + (9)° # 0,
9229y = Gay92)” + (Gzy9y — Gyy92)” # 0
for any (z,y) € A. Then
dimp g(A) = min{1,dimg(A)}.

When 0 < X < 1

1 dlmH([O,

Lemma 2.10.

+oo)\V) = el

Proof. By the argument in Lemma 23] we have

oo

Ky i J2(K))
vy~ Y M g VO
Thus
dim L\ = dim fQ(K)‘)
TR\ {0} " (K

Clearly, A = fo(K)) X f2(K)) is a two-dimensional
self-similar set which is not contained in any line.
Let g(x,y) = 7, then
(ga:)Q + (gy)2 7& Oa
(gzzgy - gzygz)2 + (gzygy - gyyga:)2 7& 0

for any (z,y) € A. Therefore, in terms of Theorem

f2(K))
f2(Ky)

= min{dimg (f2(K)) X f2(K))),1}
= min{2dimy(K)), 1}.
Hence, if 0 < A < 1/4, then
fo(Ky)
f2(K)

Proof of Theorem [I.Jl Theorem [[T(1) and (2)
follows from Lemmas Theorem [[I)(3) follows
from Lemmas 23], 2.0, and m|

dim g(A) = dimpy

log 4
= 2dimp(K) = —2

di = .
i —log A =

3. FINAL REMARKS

The main idea of this paper is to establish a connec-
tion between the visible problem and arithmetic on
the fractal sets. Our idea can be implemented for
other overlapping self-similar sets. Similar results
can be obtained if we replace the line y = ax in the

2050119-5
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definition of V', by some parabolic curves or hyper-
bolic curves. However, these cases are more com-
plicate. We shall discuss these problems in another

paper.
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